A specific class of stochastic heat engines driven cyclically by time dependent potential on the positive real axis is analyzed, and most of their physical quantities can be obtained explicitly, including the entropy, internal energy, output work (power), heat exchange with environment. Method of optimization according to the external potential to reduce the irreversible work, and then to increase the energy efficiency, is presented. With this optimized potential, the efficiency η * , efficiency at maximum power η * EMP are calculated and discussed briefly.
I. INTRODUCTION
One of the hot topics in stochastic thermodynamics is stochastic heat engines [1] [2] [3] [4] . According to Carnot, for heat engines working between two heat baths at temperatures T h > T c , the second law gives an upper bound η c = 1 − T c /T h of the energy efficiency. However, this upper bound can only be achieved in the quasistatic limit, where the transitions occur infinitesimally slowly and so the output power vanishes, which is meaningless in practice. So, in recent decades, many studies turned to discuss the efficiency at maximum power (EMP) η EMP . Among which, as an important milestone, the Curzon-Ahlborn efficiency at maximum power η CA = 1 − T c /T h is derived in [5, 6] . The bounds of EMP η c /2 ≤ η EMP ≤ η c /(2 − η c ) is obtained in [7] [8] [9] . The upper bound of efficiency at arbitrary output power is discussed in [10, 11] . By methods of linear irreversible thermodynamics, general expressions of maximum power and maximum efficiency are obtained in [12] . The attainability of Carnot efficiency, either theoretically or experimentally, is addressed in [13] [14] [15] [16] [17] [18] [19] [20] [21] .
One of the main difficulties in study of stochastic heat engines is that, except few specific cases [7, 22, 23] , no explicit expressions of output work W , power P and efficiency η can be obtained. Meanwhile, even for these specific cases as analyzed in [7, 22, 23] , numerical calculations are usually needed to find more detailed properties, since not all physical quantities can be obtained explicitly, or the corresponding expressions are too complicated to be used to derive more meaningful results theoretically.
One possible reason that the energy efficiency η of heat engines with nontrival power is usually less than the Carnot efficiency η c is that, nonzero irreversible work will be spent during the work cycle of heat engines to overcome the viscus friction in environment, and usually the more the irreversible work, the lower the energy efficiency * Email: xyz@fudan.edu.cn [4, 7, 24] . How to optimize heat engines to reduce as much as possible the irreversible work is one of the main aims of this study. Generally, it is very difficult to accomplish this. In this study, a specific class of stochastic heat engines is presented, for which most of the physically interesting quantities can be obtained in simple form. With these simple and explicit expressions, heat engines can be optimized to attain the highest output work and the highest energy efficiency.
For a stochastic heat engine driven by time-dependent potential V (x, τ ), the probability density p(x, τ ) to find it in state (internal degree of freedom) x at time τ can be obtained by the following Fokker-Planck equation, see [7] ,
Where γ is the drag coefficient, D is the free diffusion constant, which satisfy γD = k B T , with k B the Boltzmann constant and T the absolute temperature. Generally, both γ and D might be time τ dependent.
The same as in previous studies [7, 22] , the stochastic heat engine discussed in this study is assumed to work cyclicly, with two isothermal processes and two adiabatic transitions. In each work cycle, it performs sequently through the following four steps [7] . (1) Isothermal process with high temperature T h during time interval 0 < τ < t h . (2) Adiabatic transition (instantaneously) from high temperature T h to low temperature T c at time τ = t h . (3) Isothermal process with low temperature T c during time interval t h < τ < t h +t c . (4) Adiabatic transition from low temperature T c to high temperature T h at time τ = t h +t c . As in [7, 22] , the adiabatic transitions are idealized as sudden jumps of potential, and assumed to occur instantaneously without heat exchange. The work period of heat engine is denoted by t := t h + t c .
II. STOCHASTIC HEAT ENGINES WITH EXPLICIT SOLUTION
For given potential
it can be easily verified that
is a solution of Eq. (1). Where λ(τ ) is a time dependent parameter, and is used to regulate the potential V (x, τ ). By definition, the system entropy at time τ is then
The mean internal energy of heat engines at time τ is
The mean work extracted during time interval
Therefore, the heat uptake from heat bath during time
The same as in [7] , the mean irreversible work done by the heat engine during time interval
is the flux of probability at time τ , and v(x, τ ) = −∂ x [V (x, τ ) + k B T ln p(x, τ )]/γ(τ ) is the instantaneous speed. One can verify that, for this specific case with potential V (x, t) as given in Eq. (2),
irr . Here W h/c , Q h/c , and W irr h/c are the output work, heat uptake from heat bath, and irreversible work spent during the isothermal process with temperature T h/c , respectively. The total work extracted in one work cycle with period t = t h + t c is
Eq. (8) shows that the irreversible work W irr (t i , t f ) is a functional of λ(τ ), which is the parameter to regulate external potential V (x, τ ), see Eq. (2). The variation of
Where δλ(τ ) is an arbitrary increment of parameter (function) λ(τ ), which satisfy δλ(t i ) = δλ(t f ) = 0. Here, in variational process, λ i := λ(t i ), λ f := λ(t f ) are assumed to be fixed to keep the initial entropy S(t i ) and the final entropy S(t f ) unchanged, see Eq. (4). So, if the temperature T is time independent during time interval [t i , t f ], then the value of
is not influenced by the function increment δλ(τ ). Therefore, from Eq. (7), the variation of heat uptake Q(t i , t f ) is δQ(t i , t f ) = −δW irr (t i , t f ). Consequently, for given values of λ 0 := λ(0) ≡ λ(t) and λ 1 := λ(t h ), the maximal value of total work W tot is reached iif the irreversible work
reaches its minimal value. Note, δW
. With the optimal function λ * = λ * (τ ), variation δW irr (t i , t f ) ≡ 0 for any increment δλ * (τ ). Which means that [γ(τ )λ * ′ (τ )] ′ = 0 should be satisfied, see Eq. (10). From which, the optimal parameter λ * (τ ) can be obtained as follows,
, which changes linearly with time τ . With λ * (τ ), the optimal potential V * (x, τ ) can be obtained by Eq. (2), and the corresponding probability density p * (x, τ ) can be obtained by Eq. (3). From Eqs. (8, 11) , the minimal value of irreversible work spent during time interval [t i , t f ] can be obtained as follows,
with γ h and γ c are drag coefficients corresponding to the isothermal process with high and low temperature, respectively. In summary, with constant temperatures T h and T c , constant drag coefficients γ h and γ c , and the optimal parameter λ * (τ ), the output work, heat uptake from hot heat bath, and efficiency can be obtained as follows, see Eqs. (7, 9) ,
Where ∆S = ∆S(0,
and Ω = 2(λ 1 − λ 0 ) 2 /∆S. One can easily verify that the stall time t stall , with which the output work is vanished, is
wheret h/c = t h/c /t. The power P * = W tot * /t reaches its maximal value P * max when cyclic period t = 2t stall , and P * max = (T h − T c )∆S/(4t stall ). The efficiency at maximum power (EMP) is then
with η c = 1 − T c /T h the Carnot efficiency. Obviously, η c /2 ≤ η * EMP ≤ η c /(2−η c ), which is the same as obtained previously in [7] [8] [9] .
III. MORE GENERAL CASES
Generally, for given potential
− kBT (n − 1) ln x, (17) it can be easily verified that, one solution of Eq. (1) is
Where n ≥ 1 is an integer number. σ(τ ) is a parameter to regulate potential V (x, τ ). The system entropy at time τ is then S(τ ) = −kB The mean internal energy at time τ is
